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Abstract 

Given an invariant gauge potential and a periodic scalar potential V on a Rie- 
mannian manifold M with a discrete symmetry group T, consider a F-periodic 
quantum Hamiltonian H = — Ab + V where Ab is the Bochner Laplacian. 
Both the gauge group and the symmetry group T can be noncommutative, and 
the gauge held need not vanish. On the other hand, T is supposed to be of 
type I. With any unitary representation A of F one associates a Hamiltonian 
= -A^ + V on M = M/T where V is the projection of V to M. We 
describe a construction of the Bloch decomposition of H into a direct integral 
whose components are H^, with A running over the dual space F. The evolu- 
tion operator and the resolvent decompose correspondingly. Conversely, given 
A G F, one can express the propagator /C^(yi, 2/2) (the kernel of exp{—itH^)) in 
terms of the propagator ICt{yi,y2) (the kernel of exp{—itH)) as a weighted sum 
over F. Such a formula is known in theoretical physics for the case when the 
gauge held vanishes and M is a universal covering space of a multiply connected 
manifold M. We show that these constructions are mutually inverse. Analogous 
formulas exist for resolvents and their kernels (Green functions) as well. 
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1 Introduction 

Suppose there is given a connected Riemannian manifold M with a discrete symmetry 
group r, and an invariant Hermitian vector fiber bundle with connection (QJ, [), V) over 
M. This means that (^1, ^,V) = 7r*(QJ^fi,V) where _(QJ, f), V) is a Hermitian vector 
fiber bundle with connection over M = M/F and vr : M — )• M is the projection. Let us 
consider a F-periodic Hamilton operator in L^(5J) of the form H = — Ab + V^ where Ab 
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is the Bochner Laplacian and is a F-invariant semibounded real function on M {V is 
the pull-back of a function V on M). For any finite-dimensional unitary representation 
A of F in a vector space =SfA one constructs a Hermitian vector fiber bundle QJ^ over M 
with a connection V^, and consequently a Hamiltonian = —A^ + V in L^(5J^). An 
important feature of the construction is that the operator H decomposes into a direct 
integral with components where A runs over all equivalence classes of irreducible 
unitary representations of F. The evolution operator and the resolvent decompose 
correspondingly. 

This type of construction is well known in the cases when either the connection 
V is flat (and so Ab = Alb is the Laplace-Beltrami operator) [H El El S], or the 
group F is commutative [H E]- The general case when the connection is not fiat and 
the symmetry group F need not be commutative is treated in in the framework 
of noncommutative geometry using the theory of C* algebras. The subject of the 
current paper is, too, an extension of the construction of the Bloch decomposition to 
such a general case. In contrast to [7], however, our construction relies on standard 
techniques of differential geometry and, in particular, the theory of C* algebras is not 
employed at all. We follow closely the presentation given in [8] for the particular case 
of a fiat connection and a noncommutative symmetry group F. 

The action of F on M is usually supposed to be co-compact [H El [3l El El El H] . 
Following P] we relax this assumption while introducing the Hamiltonian — Ab -t- as 
the Friedrichs extension of the corresponding symmetric operator defined on smooth 
sections with compact supports. 

In the framework of Feynman path integrals there was derived a remarkable for- 
mula relating the propagators /C^(x, a;o) and ]Ct{x, xq) associated respectively with the 
Hamiltonians and H [TOlITT]. A similar relation is known to hold for heat kernels 
[12j. Another important application in mathematics of this type of formula is in the 
derivation of the Selberg trace formula [131 E] • We show that such a formula makes 
sense also in the more general case with a nonvanishing gauge field. Moreover, an 
analogous formula can be derived for Green functions. 

2 Basic notions and notation 

All geometric objects are supposed to be smooth. Let M be a connected Riemannian 
manifold (Hausdorff and second countable) with a discrete and at most countable 
symmetry group F. The action of F on M is assumed to be smooth (every 7 G F 
acts as a diffeomorphism on M), free, isometric and properly discontinuous. Denote 
by jl the measure on M induced by the Riemannian metric. The quotient M = M/T 
is a connected Riemannian manifold with an induced measure /x. The factorization 
defines a principal fiber bundle vr : M — )• M with the structure group F. All spaces 
based on manifolds M and M are everywhere understood with the measures 11 and p,, 
respectively. 

To be specific, let us recall that the assumption on the properly discontinuous ac- 
tion implies that for any compact set K C M, the intersection K (I'-f ■ K is nonempty 
for at most finitely many elements 7 G F. Moreover, any point y E M has a neigh- 
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borhood U such that the sets 7 ■ f/, 7 G F, are mutually disjoint (see, for instance, 

Furthermore, assume that on M there is given a F-invariant gauge potential. Ge- 
ometrically this means that over M there is given an invariant Hermitian vector fiber 
bundle with connection (covariant derivative) (QJ, [), V). That is, the action of F on M 
lifts to an action \E' on QJ which is fiber-wise linear, and both the Hermitian product 
on fibers, [), and the covariant derivative V are invariant with respect to the action \E'. 

Let us denote by the left action of 7 G F on M, i.e. Ly{y) = 7 ■ y for y G M, 
and by C°°(QJ) the vector space of smooth sections of QJ. Notice that the invariance 
of V means that for any 7 G F fixed and at any point y G M, 

G c°°(ir), vx G TyM, Vx i^^^-Mi ■ y)) = ^7- (Vrx <^(7 ■ y)) e ^„ (i) 

where 7 ■ X = {(iL^)yX G T^.yM . This property can be reformulated as follows. Let 
7 G F, be the one-parameter family of linear operators on C°°(QJ) defined by 

G {W,^){y) = ^M^-' ■ y). (2) 

One clearly has W-yWy = W^y, V7,7' G F. Relation ([1]) means that for all smooth 
vector fields ^ G C°°{TM), 

V7 G F, Vi:W^ = 

The assumptions mean that (QJ, f),V) admits a factorization with respect to the 
action of F, and thus over M there exists a Hermitian vector fiber bundle with con- 
nection, (QJ, f),Y), such that (^J, ^,V) = 7r*(QJ, f),V) (the usual pull-back by the 
projection vr : M — )■ M). Conversely, any such a pull-back is naturally F-invariant. 
The vector space C°°(QJ) is identified with the subspace in C°°(QJ) formed by those 
smooth sections which satisfy W^cp = V7 G F; in more detail, 

V7 G F, G M, <^(7 ■ y) = ^^My)- (3) 

Let { G C°°{TM) be a vector field on M and f G C°°{TM) be the unique vector field 
on M such that dn{^) = ^ (hence ^ is F-invariant). If G C"^(QJ) fulfills then 
V|(/? fulfills ([3]) as well. This defines the covariant derivative in QJ. 

The Bochner Laplacian Ab is a second-order differential operator acting on smooth 
sections of QJ whose construction depends on the covariant derivative V and on the 
Riemannian metric g defined on cotangent spaces on M. If G C°°(QJ) then Vyj 
belongs to C°°{T*M (S)QJ). The differential operator Ab is unambiguously determined 
by the equality 

\/ip,,ip2eC^m, [ ^(<^i,-AB¥^2)d/i= / 0®^(V</^i,V¥^2)d/i. (4) 
Jm Jm 

The Bochner Laplacian Ab is F-invariant in the sense that, using the defining relation 

V7 G F, AbW^ = W^Ab. 
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Analogously, one introduces the Bocliner Laplacian Ab on M which is associated 
with the covariant derivative V and with the Riemannian metric g. If a G C°°(2J) is 
represented by ^9 G C°°{^) fulfilling (|3]) then Abct is represented by AbV^- 

Finally we summarize several basic facts concerning harmonic analysis on F. In 
general, the harmonic analysis is well established for locally compact groups of type I 
[IB] , and this is why we assume in the sequel that F belongs to this class. In addition, 
all irreducible representations of type I groups are finite-dimensional, and even the 
dimension is uniformly bounded pTl KoroUar I]. This fact facilitates various algebraic 
constructions throughout the paper. On the other hand, it is known that a countable 
discrete group is of type I if and only if it has an Abelian normal subgroup of finite 
index yL3 Satz 6]. This means, unfortunately, that there exist covering spaces of 
interest whose structure group F is not of type I, and here we do not treat such cases. 

Let F be the dual space to F (the quotient space of the space of irreducible unitary 
representations of F). In the case in question the Haar measure on F is nothing but 
the counting measure. Let m be the Plancherel measure on F. For A G F denote 
by ^{^tC) the space of linear maps on J^a. Note that one can naturally identify 
o^(^a) = -^A ®-^A (=^A is the dual space to =^a) and thus ^{^^) becomes equipped 
with the scalar product (^1,^2) = ^^{AlA^), VAi, G 

The Fourier transform is defined as a unitary mapping 

^:L=^(F)^ j ^(^A)dm(A). 
For / G Li(F) C ^^(F) one has 

^[/](A) = $^/(7)A(7). 

Conversely, if / is of the form f = g * h (the convolution) where g,h ^ -^^(r), and 
/ = ^[f] then 

/(s) = ^Tr[A(s)*/(A)]dm(A). 

Using the fact that F is a countable discrete group as well as the unitarity of the 
Fourier transform one finds that 

m{^) < ^dimifAdm(A) = 1. 

The following rules satisfied by the Fourier transformation are also of importance: 

VrGF,V/GL2(F), ^[/(r ■ 7)](A) = A(r-i)^[/(7)](A) (5) 
(here ^ acts in the variable 7 G F), and, conversely, 

Vr G F, V/ G y_ J^(^a) dm(A), ^-i[A(r)/(A)](7) = ^''[fiA)]ir-'^) (6) 

(here acts in the variable A G F). 
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3 A construction of the noncommutative Bloch de- 
composition 

3.1 Associated vector fiber bundles over M 

Since dimM = dimM, in the principal fiber bundle M over M with the structure 
group r there exists a unique connection which is necessarily flat. Given a finite- 
dimensional unitary representation A of F in ^\ one can associate with the principal 
fiber bundle a vector fiber bundle E{A) over M with a typical fiber ^\ [18J. Provided 
the representation is unitary E{h) naturally acquires a Hermitian structure. The fiat 
connection in M carries over to the vector fiber bundle E{A) as a Hermitian covariant 
derivative which is again fiat. 

Suppose (QJj, Vj), i = 1,2, are two Hermitian vector fiber bundles with con- 
nection over M. The tensor product 2Ji ^2 is a vector fiber bundle over M with 
fibers (QJi ® ^2)x = {^i)x ^ (^2)x, x G M, and it is again equipped with a Hermi- 
tian structure in a canonical way. Moreover, a Hermitian connection V12 is naturally 
defined in QJi (g) QJ2 by the rule: for any vector field ^ G C°°{TM), 

V^l G C^i^l), ip2 G C~(QJ2), Vl2(0^1 ®^2 = (Vl(e)^l) ® ^2 + ® {V2{0V2). 

Definition 1. Let (5J^, f)^, V^) be the Hermitian vector fiber bundle with connection 
over M obtained as the tensor product of (03, f),V) and the associated vector fiber 
bundle -E'(A) (which is supposed to be equipped with the Hermitian structure and the 
Hermitian covariant derivative, as recalled above). 

Though the construction of associated fiber bundles is standard let us indicate some 
intermediate objects occurring in the construction for the sake of future reference. 
Denote by (2J^, f)^, V^) the Hermitian vector fiber bundle with connection over M 
with fibers = ® =S?a, y G M. The Hermitian product on is defined in the 
usual way. The covariant derivative is defined so that for all ip G C°°(2J) and 
V G one has 

Let be the action oiV on'^^ = % ® defined by 

m^ = ^>.,®K{^), V7Gr. 

Moreover, analogously to ([2]) one introduces a one-parameter family of linear operators 
on C°°(^^) called W!^, 7 G F, i.e. one puts 

= W^®K{^), 7GF. 

Observe that, with this definition, (2J^, f)^, V^) is again F-invariant. Furthermore, 
very similarly to (jl]), one introduces the Bochner Laplacian Ag as a differential oper- 
ator acting on smooth sections of and one readily finds that 

V<^ G C°°(^J),Vi; G ifA, K'^^®v = {Kbv)®v. 
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Note that the Bochner Laplacian Ag commutes with all W^, 7 G F. 

(5J^, f)^, V^) is in fact nothing but the factorization of (^J"^, t)^, V^) with respect to 
the action of T. Again one has {^^, V^) = 7r*(QJ^, i)^, V^). It is convenient to 
identify smooth (or measurable) sections of QJ^ with smooth (measurable) sections 
^ of fulfilling 

V7er, ^{^■y) = ^!^cp{y) (7) 

everywhere (or almost everywhere) on M. In that case we say that (f is an equivariant 
section. 

The Bochner Laplacian Ag associated with and q is introduced on M in the 
standard way, similarly to dl]). 

We conclude this subsection with an auxiliary construction. 

Definition 2. Let us define $^ : C^{^^) C^{^^) so that V(t G C^i^^), is 
represented by the series 

7er 7er 

Remark. Note that (f is in fact a smooth section of QJ^ for the action of F is properly 
discontinuous. Moreover, ip fulfills ([7]) and thus it represents a smooth section of 2?"^ 
whose support is contained in 7r(suppo") and so is compact. 

Lemma 3. The range of is equal to the whole space C^{^^). 

Proof. Given ip G C^(2J^) one can assume, without loss of generality, that there exists 
an open neighborhood U D supp ip such that the principal fiber bundle vr : M — )• M is 
trivial over U. Let rj : U viU) C M be a smooth section, and ip G C°°(^^) be the 
equivariant section (i.e. fulfilling ([7])) representing ip. Then the restriction ip\ri(u) is a 
smooth section of over the open set ri{U) with a compact support, and it extends 
naturally to a global section a G C^{^^) (vanishing outside of rj{U)). Both ip and 
the series Yli^y^v^^^ fulfill ([7]). Moreover, the two sections coincide on rj{U) and so 
they coincide everywhere. Hence $^cr = ip. □ 

Remark 4. Using once more the fact that the action of F is properly discontinuous 
and that Ag commutes with all operators one observes that 

V(T G Co^(^T^), A^ $^ a = <I>^A^ a. (9) 
3.2 The Bloch decomposition 

We remind the reader that F is assumed to be of type I. As already recalled in Sec- 
tion [21 this in particular means that all irreducible representations of F are finite- 
dimensional. Thus all representation Hilbert spaces are finite-dimensional, which 
is why all tensor products in the construction of associated vector bundles, as described 
in Subsection 13.11 make sense. 



6 



Suppose we are given a real measurable F-invariant function V on M bounded from 
below. Hence V = 7t*V for a basically unique real measurable function V" on M which 
is bounded from below as well. The differential operator — Ab + is well defined on 
the domain C^(QJ) C L^{^). Moreover, since this is a densely defined operator which 
is readily seen to be symmetric and semibounded, one can apply a standard procedure 
resulting in a distinguished selfadjoint extension with the same lower bound, the so 
called Friedrichs extension fl9[ Chp. VI §2]. This extension is in some sense minimal 
(its form domain is the smallest one among all selfadjoint extensions), and the basic 
steps of its construction are roughly as follows. Using the differential operator — Ab+V^ 
one defines, in a standard manner, a quadratic form on the domain C^(QJ). Since 
this densely defined quadratic form is semibounded, it is closable. Now it is known 
(by a result which is sometimes called the first representation theorem) that in turn a 
unique selfadjoint operator is associated with the closed semibounded quadratic form, 
and this is exactly the sought minimal selfadjoint extension (see also [201 Chp. 5] or 
PT| Chp. X §3]). Let us denote the Friedrichs extension by H. 

Furthermore, note that the linear operators W^, 7 G F, defined in ([2]) map bi- 
jectively the vector space C^(2J) onto itself and preserve the norm, and so they 
extend unambiguously to unitary operators on L^(QJ). The Hamiltonian H commutes 
with all unitary operators W^, and in this sense it is F-periodic. 

Let A be again a finite-dimensional unitary representation of F. Similarly as above, 
let us denote by the Friedrichs extension of the differential operator — Ag + V 
defined on the domain C^(QJ^) C ^^(QJ^). Note that if tp eC^{^^) is represented 
by ^ G C^{^^) fulfilling © then H^^p is represented by (-A^ + V)(p^ 

In the first step of the generalized Bloch analysis one decomposes H into a direct 
integral over F with components being equal to H^. As a corollary one obtains a 
similar relationship for the corresponding evolution operators and resolvents. The 
decomposition is achieved by applying a unitary mapping $ described below. Its 
construction is basically a modification of the construction presented in Section IV 
of [8], and therefore we omit here some details and, first of all, some proofs which 
resemble those given in [8j. In particular, this is true for the proof of the following 
lemma. 

Lemma 5. For f G L^(QJ) and y E M put 

V7GF, fy{i) = ^,f{i-'-y)e^y. (10) 

Then fy is well defined for almost all x & M and all y G 7r"^({x}) and belongs to 
L^iT,%)=^y(g)L\T). 

Observe that the tensor product L^(Q3^) ® =Sf^ can be identified with the Hilbert 
space formed by those measurable sections ip of ® =Sf^ = ^®J^{^a) which satisfy 

V7 G F, V^(7 ■ y) = (^^ ® La(^)) ij{y) a.e. on M, (11) 

with L^^) G End(j^(=SfA)) being the linear operator on c^(^a) acting by multiplica- 
tion from the left, L^^^A = A{'y)A, \/A G J^(=SfA), and which have finite norms 
(with integration taken over M). The next lemma readily follows from the unitarity 
of the Fourier transformation and from property ([5]). 
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Lemma 6. For any f e /.^(QJ) let fy e'^y® L'^{^), y e M , be as defined m HM . 
Then the measurable section of the vector bundle 2J ® J'{^5^s) given by 

M3y^{l® ^)[/,](A) e^y® = , (12) 

is well defined for a.a. A E t, and for those A it satisfies the equivariance condition 
( [77]) and so it represents a measurable section of ® =Sf(. The section has a finite 
norm and thus it belongs to L^(QJ^) ® jSf^. 

Definition 7. We define 

$ : L'(^T) ^ L2(QJ^) ® ^* dm(A) (13) 

so that for all / G L^(2J), the components $[/](A) are given by the prescription: 
fora.a. Aef, a.a. y G M, <I>[/](A) (y) = (1 ® ^)[/J(A) G (^T ® ^(ifA))^ . (14) 

According to Lemma El $[/](A) fulfills (ITTi) and can be identified with an element 
from L2(2J^) ^ In particular, if / G ^^(^T) n ^^(^J) then 

$[/](A) (y) = J2'^,f{r' ■ y) ® A(7). (15) 
Lemma 8. ^ is a unitary mapping. 

Proof. Let p2 : T x M ^ M he the projection onto the second component, and be 
the Hilbert space formed by measurable sections tp of P2^ which satisfy 

Vr, 7 G r, for a.a. y G M, tpi^r, •y ■ y) = '^■yip{'y~'^r, y). (16) 

Hence 'ipiljU) = '^■yi'{'^,1~^ ■ v)- It follows that the function 

is F-invariant and projects to a function ip*{xy defined on M. The norm on is 
given by the integral 

J M 

Consider the linear mapping 

e:L2(^J)->^:/^^, ^(7,y) = vI/^/(7-i-y). (17) 

By a simple computation one can check that, for all / G L^(Q3), the image ip = B/ 
actually fulfills (fT6|) and \\ip\\ = \\f\\. Moreover, 9 is clearly invertible, {Q~^tp){y) = 
ip{l,y). Hence G is a unitary mapping. Observe that if G then 

for a.a. y e M, V'(-, y) G *Hy O ^^(r). 
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Further let us set 



^ = y_ L2(2J^) ® dm(A). 



Using an analogous identification as above, if 1^ E M' then 'ij){K,y) G 2Jy ® ^{^\) is 
defined almost everywhere on F x M and fulfills 

V7 G F, for a.a. (A, y) G f x M, V^(A, 7 ■ = (^^ ® i^Aw)^(A, y). (18) 
Observe that if G then 

for a.a. y G M, ^{-.y) e^y® / J^(^a) dm(A). 
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Next we introduce two mutually inverse linear mappings, H : ^ — )■ ^ : tp ip, 
and : — )■ : ip ip, defined by the equalities 

ij{A,y) = (l®^)[V^(-,y)](A) G ^I,®^(^a), (19) 
^(7,1/) = (l®^-i)[^(-,y)](7) G ^I,. 

If ip satisfies (fT6!) then property ([5]) of the Fourier transformation implies that the 
image ip = '^i' fulfills 

V'(A,r-y) = (l®^)[^,^(r-S,l/)](A) = (^. ® La(,))^(A, y). 



Conversely, if ip satisfies flTSl) then property ([6]) of the Fourier transformation implies 
that the image ip = 'E.~^ip fulfills 

^(r, 7 ■ y) = ^7(1 ® ^'^) [(1 ® Kl)) ^(A, l/)](r) = ^'7V^(7"V, y). 

The unitarity of the Fourier transformation implies that the mappings S and are 
unitary as well. 

Comparing the definitions of $, 6 and H given in (IT^ . (IT7|) and (IT^ . respectively, 
one can see that $ = SO. Hence $ is unitary. □ 

Remark 9. Alternatively, one can define $ as follows. For a given A G f , let us 
identify L'^{m^)®^l with Lin(^A, L'^{^^)). For G C^(^T), define a linear mapping 
$M(A):^A->i:'(2J^)by 

Vt; G =^A, $b](A)?^ = $^V^® (20) 
with $^ being given in ([H]). This way one gets a linear mapping 



<l>:Co~(^T)^ y_ L2(QJ'^) ®^;dm(A) 



that can be verified to be an isometry and so it unambiguously extends from C^(^) 
to L2(Q3). It is not difficult to see that definitions ^ and ^ of the mapping $ in 
fact coincide. 
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Now we are ready to describe the Bloch decomposition. Put 

S = y spec(ff^) 
Aef 

and, for z running over the corresponding resolvent sets, 

R[z) = {H- z)-\ R\z) = {H^ - z)-\ 

Furthermore, 

U{t) = expi-itH), U^it) = exp{-itH^), t e R. 
Theorem 10. The unitary mapping $ decomposes the Hamiltonian H, i.e. 

= J H^^ldm{A). (21) 

Consequently, 

$^(t)$"i = y^ ® Idm(A), t e M, (22) 

and 

re 

^R{z)^-^ = j /2^(z)®ldm(A), ^gC\S. (23) 

Proof. Yiom ([20]) one deduces that if G C^{^) then $[v5](A) G C^{^^) ® 
VA G r. Taking into account also ([9]) one has 

(A^®1)$M(A) = $[Ab</^](A). 

Moreover, if / G L'^{'^) then {V f)y = V{y)fy and so 

VAGf, $[V^/](A) = (F®1)$[/](A). 

Altogether this implies that 

V<^i, ^2 e Co~(^J), VA G f, <I>[(-Ab + V)ip2m = ((-A^ + V)®1) $b2](A), 

and 

((^1, (-Ab + V^)<^2) = ($[<^i],$[(-Ab + V^)<^2]) 



($[^i](A), ((-A^ + V) ® 1) $b2](A)> dm(A). 
Closing the quadratic forms one arrives at equality fl2Tl) . □ 
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Remark 11. Note that clearly spec (if) C S. Furthermore, it is also obvious that 
starting from equality fl2Tl) one can derive a decomposition of any operator of the 
form F{H) where F is a continuous function on S. For example, the choice F{x) = 
exp(— tx), with t > 0, may be of interest, and this way one gets a decomposition of 
the Schrodinger semigroup into a direct integral 

$exp(-tif)<l>"^ = J exp{-tH^) Idm(A), t > 0. 

Remark. The construction described earlier in [8j is a particular case of the construc- 
tion presented above. In more detail, the settings in [S] are as follows: = M x C 
is the trivial line bundle over M, the Hermitian structure f) is given by the standard 
scalar product in C, and V = d is the trivial flat connection. If vr : M — )■ M is a cover- 
ing map (not necessarily universal) with a structure group F then 2J = 7r*2J = M x C, 
and the group F acts on ^ as an identity on the fibers, 'if^{y,z) = (7 ■ y,z) for 
{y,z) e M xC and 7 G F. 

4 A formula for propagators and Green functions 

In equation ( 122|) . the evolution operator U(t) is expressed in terms of U^(t), A G F. 
It is possible to invert this relationship and to derive a formula giving an expression 
for the propagator associated with in terms of the propagator associated with H. 
The propagators are regarded as distributional kernels of the corresponding evolution 
operators. 

If QUi and 2IJ2 are vector fiber bundles over manifolds A^i and A^2; respectively, 
then the symbol QUi Kl W2 stands for the vector fiber bundle over A^^i x N2 with fibers 

(2ni K2n2)(.,,.2) = (SHi)., ® (2n2),.2, {xi,X2) eN^x N2. 

If QU is a vector fiber bundle over a Riemannian manifold then the dual space 
to C^(2n) is formed by distributional sections of the dual bundle W* (with QU* being 
the dual space to Wx, x E N). 

Suppose that 2U is a Hermitian vector fiber bundle over a Riemannian manifold 
N. Let 

C°°(2U) ^ C~(2n*) : CT K> a, 

be the canonical antilinear isomorphism following fiber-wise from the Riesz lemma. 

The action \l/ of the group F on QJ induces naturally an action \E'' on the dual 
vector fiber bundle Analogously to ([2]) one introduces operators W!^ on C°°(^*), 

Va G C°°(^J*), iW;a)iy) = %air' " v)- 

Notice that 

vv?gc~(2j), w'ip = w:;^. 
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The operators W-y, 7 G F, defined in on smooth sections can be extended 
to distributional sections. Let a be a distributional section of 2J, i.e. a continuous 
functional on C^{^*). Then, for 7 G F, 

Vor G C^{^*), W^aia) = a{W:^^^a). (24) 

Similarly, let /3 be a distributional section of 2J*. Then 

V<^ G Co^(^T), iy^/3(<^) = /3{W,-iv). (25) 

Of course, in definitions fl24l) . fl25l) one takes into account the invariance of measure jl 
with respect to the action of F. 

For (pi,ip2 G C^(2n) denote by ^ (g) the section of Q2J* Kl QU given by 
V52)(a^i5 3^2) = 'Wii^i) ® V^2(a^2)5 (3^1,3^2) G A^i X A^2- Let -B be a bounded op- 
erator in L^(2n). As a corollary of the Schwartz kernel theorem (see, for example, 
[22I Theorem 5.2.1]) one introduces the kernel /3 of S as a distributional section of 
(2n* Kl 2n)* = QU Kl 2n* that is unambiguously given by the relation 

The map 5 1— ?■ /3 is injective. 

If i? is a bounded operator in L^(QJ) then 5 is F-periodic, i.e. B commutes with all 
W^, 7 G F, if and only if the distributional kernel P satisfies the invariance condition 

V7GF, {Wy^W:^)/3 = /3. (26) 

Suppose that 5 is a bounded operator in L^(2J^), A G F. The kernel (3 oi B is 
a distributional section of Kl (QJ^)*. Alternatively, one can characterize i? by a 
distributional section (3^ of 

given by 

{vi, /3^(^ ® <^2)f 2)^A = /5 (W^^i^v^ ® ($^^2 ® f 2)) = ($'^<^i ® B $'^^2 ® f 2). 

(27) 

Here we regard (3^ as a continuous functional on C^(^* Kl *!?) with values in J^{^\). 
Moreover, (3^ fulfills 

V7 G F, {W., ® l)/3^ = A(7-i)/3^, (1 ® W^;)/3^ = /3^A(7). (28) 

Again, the map B (3^ is injective. 

Let t be a real parameter. Denote by )Ct the kernel of Uit), and by /C^ the kernel 
of U^(t). Thus )Ct is a distributional section of ^ K and /Cf is a distributional 
section of ^Kl*iJ* with values in J^{^\). Moreover, the kernel K.^ is A-equivariant in 
the sense of (l28|). 

Let us rewrite the Bloch decomposition of the propagator 0221) in terms of kernels. 
The following lemma is a straightforward modification of Lemma 12 and Proposition 13 
in [Hj and so we omit the proof. 
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Lemma 12. For all (fi, G C^(QJ) and 7 G F, the function 

Ah^Tr[A(7)*/Cf(^®V^2)] 
is integrable on T and one has 

{W^ ^ l)^t(W ®V2) = Tr[A(7)*;Cf ® ^2)] dm(A). (29) 
Definition 13. For G C^(QJ) arbitrary but fixed we set 



V7 G F, Ft{-i) = {W-y l)}Ct(Tp^®ip2) = }Ct{W^~iipi ip2) , 

and 

VA G f, Gt{A) = lCfm®V2) G ^(ifA) . 

Absolutely in the same manner as in the proof of Lemma 14 in [8] one can show 
the following lemma. 

Lemma 14. Ft G -^^^(F) and A t— t- ||Gt(A)|| is a hounded function on f . Recalling that 
m{V) < 1 one has \\Gt{-)\\ G -^^^(r) nL^(r). In particular, 

Gt G J ^(^A)dm(A). 

In view Lemma dU the following proposition is an easy corollary of (12^ . 
Proposition 15. For all fi,f2 G C^(2J) one has 

Ft = ^-\Gt], Gt = ^[Ft]. (30) 
Remark 16. Rewriting formally the second equality in ( !30|) gives 

/Cf (yi, ^2) = 5^ ((^7 ® 1) ■ ^*(7"' ■ ?/2)) ® A(7). (31) 

Alternatively, using the fact that the Hamiltonian H is F-periodic and that the kernel 
K,t obeys the invariance condition fl2Bl) one can write 

/cf (2/1, y2) = E ((1 ® ^7) ■ Uvi.r' ■ y2)) ® Hi-')- 

In the case of a fiat connection formula (131 p coincides with the formula for propagators 
on multiply connected spaces as described in (TUl [H] . 

A formula analogous to (1311) can be also derived for the corresponding Green 
functions. From the theoretical point of view it can be even more convenient to work 
with Green functions instead of propagators for some properties of Green functions are 
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easier to control than those of propagators. Let us sketch how the procedure should 
be modified for this purpose. 

Recall f l23|) . Let z G C \ S be a spectral parameter. Denote by Qz the kernel of 
and by the kernel of R^{z). Thus Qz is a distributional section of ^0KI2J*, and 

is a distributional section of ^M^* with values in J^{^\). Moreover, the kernel 

is A-equivariant. Qz and Q^ are the Green functions of H and H^, respectively. 

One can again rewrite the Bloch decomposition of the Green function (123|) in terms 
of kernels. 

Lemma 17. For all (fi, !f2 ^ C'o°(^) ^'^'^ 7 ^ T, the function 

A^TT[A{^yQ^{lpI0ip2)] 
is integrable on f and one has 

{W^ ® ®V2) = Tr[A(7)*e?,^(^ ® (^2)] dm(A). (32) 

Proof. Let us sketch the basic steps. First one finds that 

(<l>bi](A), {R\z) ® l)$b2](A)) = Ti[Qt{Wi®V2)]. 
Taking into account the unitarity of $ it also follows that 

|Ti'ie^(w«^.)l|d™(A)<l^. 

and so the function A 1— t- Tr[^^(^ if 2)] is integrable on f . Relation f l23|) can be 
rewritten as 

Qz{vl®V2)= / Tr[^,^(^®<^2)]dm(A), 



r 



and replacing tpi by W^-npi, 7 G F, and taking into account the A-equivariance of Q^ 



one gets (ESj). □ 
Definition 18. For y:>i,ip2 G C^(QJ) arbitrary but fixed put 

V7 G F, F^(7) = {W^®l)QzC^®ip2) =Qz{W^-^ipi®ip2) , 

and 

VA G f, G,(A) = Q^{TpT®V2) e ^(^a) . 

Lemma 19. Fz G -^^^(F) anc? A 1— t- ||G2(A)|| is a bounded function on f . Since 
rh{r) < 1 one has \\Gz{-)\\ G L^(X) H -^^^(F). In particular, 

Gz G / ^(^A)dm(A). 



r 
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Proof. One can proceed very similarly as in the proof of Lemma 14 in [8]. Let us just 
indicate a couple of modifications. Assuming (without loss of generality) that the sets 
7 ■ supp(v9i), 7 G r, are mutually disjoint one derives the estimate 

5:iF.(7)p<iiv^iini%)^,ip<i'^^"'"^^i'' 



7er 



dist(2,S)2 



Furthermore, still assuming that the sets 7 ■ supp(v3j), 7 G F, are mutually disjoint 
both for j = I and j = 2, one gets 

||G',(A)|| <max(dim(^A)) 



Aef dist(2;, S) 

The lemma follows. □ 

Finally, equality fl52]) implies the following proposition. 
Proposition 20. For all v?i,V32 e C^C^), 

F, = ^-'[G^l G, = ^[F,]. (33) 
Remark 21. The second equality in (1551) can be formally rewritten as 

QtiVu y2) = J2 ((^7 ® 1)^.(7"' ■ 1/1,1/2)) ® A(7)- (34) 

And this is the formula for Green functions. Alternatively, in view of the invariance 



condition fl2^ one can also write 

G^iVu 2/2) = E ® ■ 2/2)) ® A(7-'). 

5 Particular cases and examples 

5.1 A reduction to the maximal Abelian covering space 

As already mentioned there are multiply connected manifolds (configuration spaces) 
of interest whose fundamental group is not of type I. A well known example is a 
two-dimensional Euclidean space with two or more omitted points whose fundamental 
group is isomorphic to the free group with one generator per omitted point. If one is 
interested in the propagator formula fl3Tl) or in the Green function formula for 
magnetic Schrodinger operators, i.e. one considers a situation when the gauge group 
is U{1), then one may avoid working with the universal covering space M of M whose 
structure group is vri(M) and instead employ the maximal Abelian covering space 
M whose structure group is Abelian and isomorphic to i7i(M;Z). The notion of 
the maximal Abelian covering space already proved itself to be useful in the spectral 
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analysis of magnetic Schrodinger operators [23 • The authors are indebted to Takuya 
Mine for pointing out to them this possibihty. 

In what follows we restrict ourselves to the formula for Green functions since 
it is much easier to handle than the propagator formula. Moreover, the covariant 
derivative is supposed to be flat on M and hence trivial on M, and scalar potentials 
are not considered {V = 0). 

Let us recall that a maximal Abelian covering space of M is a covering space 
p : M ^ M such that p*7ri(M) = [7ri(A'f), 7ri(M)]. It is known to exist and to be 
unique up to equivalence. This is a normal covering space and the covering group is iso- 
morphic to 7ri(M)/[7ri(M), 7ri(M)] = Hi{M; Z) (see, for instance, [2?]). Still assuming 
that M is a connected Riemannian manifold, M as well as M become Riemannian 
manifolds in a unique manner so that the corresponding projections are isometric at 
every point. The action of the covering group on M or M is then isometric, free, 
transitive on the fibers and properly discontinuous |15j . 

If the gauge group is U{1), then only one-dimensional representations of vri(M) are 
relevant. Since any one-dimensional representation of tti (M) is trivial on [tti (M) , tti (M)] 
it induces a representation of ni{M)/[7ii{M), 7ri(M)] = Hi{M; Z) - the structure group 
of the covering space M — )■ M. In that case the universal covering space can be re- 
duced to the maximal Abelian covering space. Because the group Hi{M; Z) is Abelian, 
one may refer to Proposition [2D] to justify formula flM|) . The knowledge of the Green 
function on M is required, however. Suppose one knows the Green function on 
M rather than the Green function Qz on M. Since M — )■ M is a covering space with 
the structure group [7ri(M), 7ri(M)] one can formally construct Qz as the sum 

Gz{y,yo)= Qzii-y^yo)- 

je[7Tl{M),7Tl{M)] 

Below we aim to verify its convergence in the sense of distributions. 

We are going to consider a bit more general situation. Let X be a connected 
Riemannian manifold, and F be a discrete symmetry group of X. Suppose the action 
of r on X is isometric, free and properly discontinuous. Let H be the free Hamiltonian 
in L'^{X) introduced as the Friedrichs extension of the symmetric positive operator 
—Alb (the Laplace-Beltrami operator) with the domain C^{X). The symmetric 
operator is known to be essentially selfadjoint on complete Riemannian manifolds 
[25, ,26j . Otherwise, in the general case, H is sometimes said to be determined by the 
generalized Dirichlet boundary conditions the form domain of H coincides with 
the Sobolev space Hq{X), and the closed quadratic form associated with H reads 

H',{X)3f^ [ g(d/,d/)d/i. 

Denote by R{z) = {H — z)~^, Re^; < 0, the corresponding resolvent restricted to 
the left halfplane. The free Green function Qz is a distribution on X x X defined by 

yiPuiP2 e c^ix), gziw^^2) = {ipi, R{z)ip2) . 
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Note that 

Gzil ■x,-fy)= g^{x, y), V7 G T. 

Put X = X/T. Denote by H the free Hamiltonian on X. H is again the Friedrichs 
extension of minus the Laplace-Beltrami operator with the domain C^{X). It is 
convenient to identify L'^{X) with the Hilbert space formed by P-periodic functions 
on X which are integrable over a fundamental domain. Then, as a differential 
operator, H coincides with —Alb- Put R{z) = {H — z)~^, Rez < 0. 

Again, C^{X) stands for the vector space of smooth P-periodic functions on X, 
and we define 

$0 : C^iX) ^ C^{X) : if ^ (35) 

7er 

If <y5 G C^{X), then $oV^ = for a unique a G C^{X). This defines a linear mapping 
C^{X) — )■ C^{X) which is surjective (see Lemma [3]). Particularly, it follows that 

$0(^0"^ (X)) C Dom{H) C J& 

is a core of H. 

The free Green function Qz on X (associated with H) is identified with a P x P- 
periodic distribution on X x X unambiguously determined by the relation 

(the scalar product is taken in J&). 

Consider the semigroup exp{—tH), t > 0. The corresponding distributional kernel 
p{t;x,y) is the heat kernel on X (for the generalized Dirichlet boundary conditions). 
The heat kernel p{t; x, y) is known to be a smooth and strictly positive function on 
(0, +00) X X X X which is symmetric in the variables x and y. It is unambiguously 
characterized as the smallest positive fundamental solution of the heat equation on 
X. Moreover, one has 

VxgX, / p{t■x,y)A^^{y)<l (36) 
Jx 

|28] . Under certain assumptions it is even true that inequality fl36p becomes in fact an 
equality for any x G X [29], for example when X is a complete Riemannian manifold 
of Ricci curvature bounded from below ^28j . This is consistent with the probabilistic 
interpretation - for a fixed x, p(t; x, y) is the probability density of a diffusion process 
when a particle departs from the point x at time and reaches a variable point y at 
time t > [HO]. For our purposes inequality is pretty sufficient, however. 
Note that the Green function equals the Laplace transform of the heat kernel, 

Qz{x, y) = / e^'pit; X, y) dt, Rez<0. (37) 
Jo 

This also means that Qz{x, y) is a regular distribution and R{z) is an integral operator. 
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Lemma 22. On a general Riemannian manifold X and for all z G C with Re^; < 0, 
the integral operator R{z) is hounded on L^{X) with the upper hound l/|Rez|. In 
particular, Wip G C^{X), R{z)ip E L^{X). 

Proof. From ([36]) and ([37D it follows that, for all G L^{X), 



mzMi< [ [ \gAx,y)My)\dfi{x)dfi{y) 



Re2;| 

This proves the lemma. □ 

Lemma 23. Suppose D d X is a fundamental domain of the action ofV , E C^{X). 
Then 



%R{zW lli<r^' \\%R{z)v Hoc <aupp(^)r^, (38) 



D I Re 2; I 



ll^l 



D 



Rez\ ' 



where Csupp{ip) > depends only on supp{{p). Consequently, 

if) II V II 1 II V II 00 

(39) 

( the norms of the restrictions to the domain D occurring on the left hand sides are 
taken in Lp{D), and otherwise the norms are taken in U\X) for an appropriate p). 

Proof First observe that / G L^iX) implies $0/ G L^{D) and ||$o/|£,||i < 
where, similarly to ([35]), ^of{x) = J^-yer /(^ ' is^-ct, one has 



l$o/ 



[ |5^/(7-x) dMx)< I 1/(^)1 dMa;) 



7er 7Gr 



Now, to get the first inequality in (1551) it suffices to apply Lemma [221 Further, one 
can assume, without loss of generality, that the sets 7 ■ supp ((/?), 7 G F, are mutually 
disjoint (in that case Csupp(<^) = !)• Then 



\^oR{z)ip{x)\ < W^Woc^Y I gRe{z){x,y)dn{y) < 

^7"-'- ■supp((/j) 



Rezl 



7er 

Finally, one has ||/||| < ||/||i||/||oo. □ 
Proposition 24. The equality 

QziXi, X2) = Ygz{7 ■ Xl,X2) (40) 

holds on X X X in the sense of distrihutions. 
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Proof. To show that series fl40l) converges in the sense of distributions it suffices to 
verify its convergence on every test function ip G C^{X x X). Such a simphfication 
is possible in view of the definition of the topology in the distribution space and, in 
particular, owing to the completeness of this space [311 §5.3]. Choose ip G C^{X x X). 
Then suppy^ G Ki x K2 for some compact subsets Ki,K2 C X. There exist open 
sets Uj cX,l<j<N,so that Ki C UUj and the sets 7 ■ t/j, 7 G F, are mutually 
disjoint for every j. One has, for Re^; < 0, 

^\Gz{1 ■ Xi,X2){(p{Xi,X2))\ < llv^lloo^ / ^Re(2) (7 ■ 2^1,2:2) d/i(Xi)d/i(x2) 

N 

< IIV'lloo^^ / QRe{z){Xi,X2)dfi{Xi)d^{x2) 



j=i 7er 



- — rf^y^v- 

I Ke z\ 

Let us denote iS^(xi, X2) = Xl7er ^^(7 '^^ij ^2) G ^'(X x X). In particular, one has 
\/iPi,<f2 e C^{X), S,{ifi^if2) = J]^-(^>i®<^2). 

Showing that Qz = Sz means proving the equality 

V</?l,(/?2 e Co'^(X), {^Q^i,R{z)^Q^2) = / $0^1 R{z)v2 d/i 

(the integral makes sense since ||$oV^i||oo < 00, ||i?(2;)(y92||i < 00). This is further 
equivalent to 

Vy. G Co^(X), R{z)^Q^ = ^^R{z)^. 
To verify this relation one has to show that 

G C^{X), ^oR{z)ip G Dom(^) and {H - z)%R{z)ip = ^Qip. (41) 

Let us prove (HT]) . From ( 15^ it follows that ^oR{z)ip is a F-periodic measurable 
function on X which is integrable over a fundamental domain; so it belongs to the 
Hilbert space Since the series Yl-yer -^(^)v^(7 ' ^) converges in the norm over 
any compact subset of X it converges in the sense of distributions. Hence, in the sense 
of distributions, 

(-Alb -z)J2 ■^) = Y1 H'^^^ - {l-x) = J2 vil " x) = ^ovi^), 

7Gr 7gr 7er 

i.e. (—Alb — z)^qR{z){p = $oV^- Since —Alb — 2; is an elliptic operator with smooth 
coefficients and ^oV' is a smooth function, both of them on X, by the elliptic regularity 
theorem, ^qR{z)(p is smooth as well (see, for example, [321 Appendix 4 §5]). By the 
Green formula, 

V<^, ^ G C^{X), {{H - z)%ij, <^oR{z)v) = ($0^, $o<^). 

This equality imphes (HTj) since $0(^*0° (-^)) is a core of H. □ 
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5.2 The case of a trivial line bundle over M 

The Green function formula flM|) (or the propagator formula fl3Tl) ) essentially simplifies 
in the particular case when the gauge group is U{1) and the line bundle over M is 
trivial. Then the line bundle over M is trivial as well. On the other hand, the 
connection need not be flat. Let us shortly indicate the basic modifications. 

Suppose QJ = M X C with a Hermitian structure f) given by the standard scalar 
product in C, and with a connection V = d + a where a is a one-form on M with 
values in zM. If vr : M — )■ M is a covering space with a structure group F then QJ = 
7r*QJ = M X C. The group V acts on ^ as an identity on the fibers, \E'^(?/, z) = ■ y, z) 
for (y, G M X C and 7 G F. Furthermore, V = d + a, a = 7r*a. Let us denote by 
L* the puUback mapping for the left action of 7 G F on M. Note that the invariance 
condition ([T]) for the connection V means that L*^a = a, V7 G F, and this is clearly 
satisfied. If A is a one- dimensional unitary representation of F then = M x C, 

= {),V^ = V. Note, however, that '^^{y,z) = (7 ■ y,A{'y)z). 

Suppose 7] is a nowhere- vanishing complex function on M such that V7 G F, 
L*ri = A(7)?7. Clearly, |?7| is F-periodic. Replacing r] by ri/\ri\ one can assume that 
\ri\ = 1 on M. Then i] defines a trivialization of QJ^. In that case QJ^ = M x C, f)^ = f) 
and = a + {dri)ri~^ (more precisely, {dr])r]~^ is a F-invariant one-form on M which 
projects to a one-form on M). 

One also identifies L^{^) = ^^(M), L\^^) = L^{M). Let be the Bochner 
Laplacian corresponding to the connection = d + a^. Thus we consider = 
— Ag + as an operator in L'^{M) rather than in the Hilbert space of A-equivariant 
functions on M. Let us denote the latter space by Jif^. The two spaces are related 
by the unitary mapping 

L2(M) (vr*^)r/. (42) 

With this trivialization, it is natural to define the Green function of in the 
standard manner as a distribution on M x M, 

V^i,^2 e Co~(M), gt(4h^i^2) = (^l,i?^(^)^2). 

One has to keep in mind that depends on the choice of 77. This definition differs from 
that given in f l27p and so one has to somewhat modify the Green function formula ( 15^ . 
To this end, it is useful to identify distributions on M with F-periodic distributions 
on M as explained in the following remark. 

Remark 25. Denote by C^{M) the vector space of F-periodic smooth functions on 
M. Let us define 

$0 : C^{M) ^ C^(M) : ip 

For / G ^'(M) one introduces TT*fE ^'(M) by the prescription 

Vv? G C^{M), vr7((^) = fiij) where tt*^ = %ip. 
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The functional vr*/ is well defined on C^{M), and it is not difficult to verify that it 
is continuous. Hence vr*/ G ^'(M). Moreover, vr*/ is F-periodic. 

Conversely, suppose g G ^'(M) is F-periodic. Note that for every G C^{M) 
there exists ip G C^{M) such that $oV^ = ^ is, however, ambiguous. On the 
other hand, if for some ^9 G C^(M), $09^ = then g{}p) = 0. In fact, there exists 
X G C^{M) such that $oX = 1 on a neighborhood of suppy^. Since g is F- invariant 
one has 

9{^) = gi^^ox) = gix^o^) = 0. 

Let us define a functional g on C^(M), 

VV- G Co°°(M), (/(^Z-) = g{ip) where G C^{M) is s.t. $o<^ = 7t*iIj. 

Then is well defined and continuous. One observes that g is the only distribution 
on M satisfying 7i'*g = g. 

One concludes that the mapping ^'(M) — )■ ^'(M) : / h-> vr*/ induces an isomor- 
phism of ^'(M) onto the space of F-periodic distributions on M. 

Let us regard as a F x F-periodic distribution on M x M. Using the unitary map 
fH21) it is a matter of straightforward manipulations to show that the Green function 
formula now reads 

Gtiyi,y2) = v(m)v{y2)J2M7)Gz{7-'-yi,y2). (43) 

5.3 The case of a trivializable line bundle over M 

Next we are going to discuss a still rather particular case but more general than in 
the preceding subsection. The gauge group is again supposed to be U{1). The line 
bundle over M need not be trivial neither is the connection required to be flat. We 
assume, however, that after a pull-back one gets a line bundle over the covering space 
M which is trivializable. As is well known, this surely happens if H'^{M, Z) = 0. 

The assumption that the line bundle = 7r*QJ be trivializable means that there 
exists a nowhere vanishing smooth section 77 G C°°(Q3). Without loss of generality we 
assume that i){r],r]) = 1. Using rj one passes from 5J to the trivial line bundle M x C 
In particular, one has the isomorphism 

C~(M) C°^(^J) : ^ <f7]. (44) 

The Hermitian structure in M x C is given by the standard scalar product in C, the 
covariant derivative V becomes d + a where a is a one-form on M with values in zM. 

Given y & M one can compare the values 77(7/) and ri{'y ■ y) for any 7 G F since 
2Jy = = ^TT{y)- Abusing somewhat the previously used notation let us write 

V7gf,Vi/gm, vh-y) = '^^iyy'viy), 
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where ^'^(y) G C is unambiguously determined by this equality. Then for any 7 G F, 
is a smooth complex function on M with values in the unit circle. The fiber-wise 
linear action of F on M x C takes the form 

M X C -> M X C : {y,z)^ (7 with 7 G F. 

The composition rule for this action means that 

V7i,72 G F, = m^,^^. 

Here again, L* stands for the pull-back mapping of the left action of 7 G F on M. 

Sections of the line bundle 2J over M can be naturally identified with F-invariant 
sections of the line bundle QJ over M. Employing the isomorphism this means 
that smooth (measurable) sections of QJ are identified with those smooth (measurable) 
functions on M which satisfy everywhere (almost everywhere) the condition 

V7 G F, (/?(7 ■ y) = ^^{y)ip{y), 

i.e. L*ip = "^^(p. The operators W-y defined in for the general case now act either 
in C°°{M) or as unitary operators in L'^{M) according to the rule 

V7 G F, W,y^{y) = ^,{^-' ■ vM-f-' ■ y). (45) 

Thus sections of QJ correspond exactly to those functions on M which satisfy W^ip = (p, 
V7 G F. 

From the physical point of view it is of interest to observe that now the invariance 
condition ([1]) for the connection V in general does not mean that L*a = a for 7 G F. 
A straightforward computation gives the correct invariance condition for this case, 
namely 

V7 G F, L;_i5 = a + ^-M^^. 

On the other hand, the curvature Q = da or, in other words, the two form of the 
magnetic field (up to a constant multiplier) fulfills L*Q = V7 G F. In the analysis 
of physical systems with an invariant nonzero magnetic flux the so called magnetic 
translations turn out to be a useful tool [551 [M] . In our formalism the magnetic trans- 
lations coincide with the operators defined in (1451) . Particularly, the symmetry of 
the Hamiltonian H = —As + is reflected by the fact that it commutes with all W^, 
7 G F. 

Let A be a one-dimensional unitary representation of F. The line bundle is 
again identified with M x C, and the Hermitian structure and the covariant derivative 
remain unchanged. What is modified, however, is the action of F on M x C. The 
modified action was called in Subsection 13.11 and now it takes the form 

M X C ^ M X C : (y, 2) (7 ■ y, A{-f)^y{y)z) , with 7 G F. 

Sections of are again identified with functions ^9 on M fulfilling 

V7 G F, (^(7 ■ y) = A(7)^^(y)^(y). (46) 
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This identification implies an isomorphism of L^(QJ^) with the Hilbert space of A- 
equivariant functions on M, i.e. with the Hilbert space formed by measurable 
functions on M satisfying fH6|) almost everywhere and being square integrable over 
a fundamental domain of the action of F. Then the formal differential expression 
corresponding to the Hamiltonian H acting in L'^{M) is the same as that for 
acting in J^^. 

The Green function of if is a distribution on M x M. According to (126|) . it has 
the symmetry property 

V7 e r, ^^(7 ■ yi,7 ■ 1/2) = ^^(2/1)^^,(^2)^2(2/1,2/2)- 

The Green function of is a distribution on M x M as well. According to fl28|l 
it is A-equivariant, and this property now reads 

V7 E T, gt{i-yi,y2) = Aii)^,iyi)gtiyuy2), 6^,^(2/1,7-2/2) = A(7-^)^7^ 6^,^(2/1, 2/2). 

Finally, in this example the Green function formula flM|) takes the form 

GHyuy2) = 5^ A(7)vi>,(7-^- 2/1)^.(7-' -1/1,1/2) 

= ^ A(7-^)^,(7-i-2/2)^.(2/i,7-'-2/2). (47) 

7er 

5.4 A constant magnetic field on a torus 

As an illustration of the formalism described in Subsection 15.31 let us consider an 
example in which M is the two-dimensional torus = (R/2'7rZ)^. This example shares 
the basic nontrivial features of the approach and, at the same time, it is sufficiently 
simple to allow for explicit computations. The Riemannian structure on is induced 
by the standard scalar product in R^. Let M be the universal covering space of the 
torus, i.e. M = M^. Hence the covering group is F = (27rZ)^. The gauge group is 
supposed to be U{1) and thus only line bundles are considered. We do not require 
that line bundles over M be trivial. For convenience we choose a connection in such a 
way that the magnetic field (curvature) is constant in the natural coordinate system 
on the torus. Since any line bundle over is trivializable one can actually employ 
the notation and the formalism introduced in Subsection 15.31 

The magnetic Bloch analysis on a torus has already been discussed in detail in [5] 
for the case when there is no scalar potential. Here we focus on the inverse procedure, 
i.e. on the formula for Green functions fl34p . As a slight modification if compared to 
[S], we prefer to use the Landau gauge rather than the symmetric one. The former 
gauge is also frequently used in the physical literature dedicated to quantum systems 
describing a particle on a torus in a constant magnetic field [351 136] . 

The standard coordinates on are denoted (x, y) while the angle coordinates on 

are denoted (0, 6). The projection vr : — is given by 

(j) = X (mod27r), 6 = y (mod27r). 
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Since H^(T'^, Z) = Z, equivalence classes of line bundles over are labeled by integers. 
To describe a line bundle over in terms of transition functions we cover the torus 
by two cylinders: 

f/i = (0,27r) X T\ U2 = (-7r,7r) x T\ 

The coordinates on Ui and U2 are (0i, 9) and (02, 0), respectively, and so the coordinate 
6 is the same for both cylinders. The intersection Ui fl U2 equals the disjoint union 
Ui2A U Ui2B where Uua is (0, vr) x T-*^ both in the coordinates ((^1, 9) and (02, 9) while 
Ui2B is identified either with (vr, 27r) x in the coordinates (01,^) or with (-7r,0)xT^ 
in the coordinates {(j)2,9). The transformation of coordinates on Ui fl U2 is given in 
an obvious way, namely 

02 = 01 if < 01 < TT, < 02 < TT, 

02 = 01 — 27r if TT < 01 < 2n, —n < 02 < 0. 

Any line bundle over a cylinder is equivalent to a trivial one. We glue together 
Ui X C and f/2 x C by a transition function r defined on Ui fl f/2, with values in U{1). 
We put 

r = 1 on f/i2A, T = e~*^^ on Uub, where G Z is fixed. 

Let QJat denote the resulting line bundle over T^. Then a section in QJ^v is determined 
by a couple of complex functions (V'i,'02) defined on Ui and U2, respectively, so that 
■01 = r0'2 on f/i n f/2. A connection in QJ^r is determined by a couple of one- forms 
(01,02) defined respectively on Ui and U2, with values in zM, and such that 02 = 
ai + r~^dr on Ui fl f/2- Our choice is 

ai = — (pid9, a2 = — (p2d9. 

ZTT ZTl 

For the curvature (the two-form of the magnetic field) we get Q = da = 
iN/ (27r) d0 A d9, and one has 

— [ n = N. 

Since r takes its values in f/(l), the Hermitian structure in QJ^v is induced by the 
standard scalar product in C. 

A crucial role in the formalism of Subsection l5.3l is played by the family of functions 
\E'7, 7 G r. To find these functions we first need to describe the line bundle = 
7r*^N. To this end, let us cover by two countable families of open strips, namely 
f/i,fc = {2Trk,2TT{k + 1)) x R and U2,k = (vr(2A; - l),7r(2A; + 1)) x R, A; G Z. Then 
7i"(f/i,fc) = f^i and 7r(f/2,fc) = f/2, E Z,. A section of ^JJat is determined by two 
countable families of functions, namely (fi^k defined on f/i ^ and ip2,k defined on U2,k, 
G Z, such that 

cpi^kix, y) = (p2,k{x, y) on (27r/c, 7r(2/c + 1)) x R, 

and 

(^i,fc(x, y) = e-'^V2,fc+i(x, y) on {Ti{2k + 1), 27r(A; + 1)) x R. 
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For a nowhere vanishing smooth section rj of we choose the famihes 

Then rj determines a triviahzation of QJat, and one finds that 

^^{x,y) = e-'^^^y for 7 = (27rm, 27m) G (27rZ)2. 

Below we consider the case with vanishing scalar potential so that explicit compu- 
tations are possible. Furthermore, we leave aside the case = which has particular 
properties but whose discussion is very elementary. Thus the Hamiltonian H describes 
a charged particle in a homogeneous magnetic field on the plane, 

H = -d^ ~ (^2^ + ^ ^) ^^^^)- (4^) 

The symmetry of H is demonstrated by the fact that it commutes with all magnetic 
translations W^, 7 G F. One can establish the symmetry even under somewhat more 
general circumstances, for any real (not necessarily an integer). Defining the oper- 
ators Wa,b, with a, 6 G M, by the relation 

WaM^^ y) = e-^^"^/('"V(a; - a, y - 6), 

one observes that HWa,h = Wa,hH. Note that Wa.M^a.M = e'^''^^^'^^''^Wa,+a,M+h2 
but if 71,72 G (27rZ)2 and iV G Z, then W^^W^^ = W^^+^^. 

As is well known, using the Fourier transformation in the y variable one can de- 
compose H into a direct integral whose components are unitarily equivalent to the 
Hamiltonian of the harmonic oscillator with parameter values: ^ = 1, the mass equals 
1/2 and the frequency uj = 2|A^|/(27r). Consequently, one can express the Green func- 
tion of H in terms of the Green function of the harmonic oscillator (with the 
indicated values of parameters). One has 

G.{xuyi;x2,y2) = ^ ^^(^i + ^'^^ + e^'^^^-y^^ dk, (49) 



and 



V27ra; \z 2 ^ 2 ^ 



where D^{x) is the parabolic cylinder function, x> = max{xi,X2}, a;< = min{xi,X2} 
(see [3Z] and references therein). 

Let us write a one- dimensional representation A of F in the form 

A(7) = e2-^('^™+'^") for 7 = {2nm, 2?™) G (27rZ)2 

where /i, G [0, 1) (here we change the meaning of the symbol /i). The Hamiltonian 
as a differential operator has the same form as that given on the RHS of (1481) 
but it acts in the Hilbert space formed by measurable functions ip on which 
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are square integrable over the fundamental domain D = (0, 27r)^ and satisfy, almost 
everywhere on M^, 

^{x + 271, y) = e2-^e-*^V(a;, v). y + 2Ti) = e^^'^ip^x, y). 

The Green function of can be derived with the aid of formula fHTj) . Using fH9l) 
and the rapid decay of the parabolic cylinder functions, 

D^{x) = e"^'/^ x" [1 + [x-^]) as X ^ +oo, 
one can apply the Poisson summation in fHTj) to arrive at the equality 

g^{xi,yi;x2,y2) = ^ Z Z ^n^i + ^^^i+ N '^^ + ^^^2+ \ M 

y ^iki{Nyi-2TTfi)-ik2{Ny2-2iTfi)+i{s+u){yi-y2) ^gg-j 

Note that 



g^{x,, y,- X2, y2) = e'^'^gr' [x, + 2/i " ^2 + 2/2 - e-^^^^ (51) 

A formula analogous to (150|) also holds for the kernel p^(t; xi,yi; X2,y2) of the 
Schrodinger semigroup exp(— tif^), t > 0. Let p^'^{t;xi,X2) denote the kernel of 
the Schrodinger semigroup exp{—tH^"), t > 0, where H^*^ is the Hamiltonian of the 
harmonic oscillator (for the proper choice of parameters). Using the formula for the 
Schrodinger semigroups (replacing gz{. . .) by p{t] . . .) in fl50l) ) one can compute the 
traces. After some simple manipulations one finds that 

"277 r2n 



TT[e~^^''j = J J p^{t;x,y;x,y)dxdy 
= \N\ I /°(t;u,u)du 



= |Ar|Tr(e-*^" 

2|iV| 
sinh(tw/2) ■ 

This equality makes it possible to compare the spectra of and H^°. Thus one 
deduces that 

spec if^ = I M + IV £ = 0, 1, 2, . . . j (52) 



where the multiplicity of each eigenvalue of equals |A^|. Of course, the spectrum 
of can be also derived by solving directly the corresponding eigenvalue equation 

[an [3911101 Eg. 
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Equality (132]) particularly implies that all operator H^, A G f , are mutually uni- 
tarily equivalent (this is not true for iV = 0). The corresponding unitary mapping can 
be immediately deduced from (1511) . Consider the linear mapping 



One readily verifies that is well defined, unitary and = T^H^^^(T^)^^. 

Acknowledgments 

The authors wish to acknowledge gratefully partial support from the following grants: 
Grant No. 201/09/0811 of the Czech Science Foundation (P.S.) and Grant No. LC06002 
of the Ministry of Education of the Czech Republic (P.K.). 

References 

[1] T. Sunada, Fundamental groups and Laplacians, in: Geometry and analysis on 
manifolds, Lect. Notes Math. 1339, Springer, Berlin, 1988, pp. 248-277. 

[2] T. Adachi, T. Sunada, Density of states in spectral geometry. Comment. Math. 
Helv. 68 (1993) 480-493. 

[3] T. Adachi, T. Sunada, P. W. Sy, On the regular representation of a group applied 
to the spectrum of a tower, in: Analyse algebrique des perturbations singulieres 
II (Marseille-Luminy, 1991), Travaux en Cours 48, Hermann, Paris, 1994, pp. 
125-133. 

[4] F. Lledo, O. Post, Generating spectral gaps by geometry, Contemp. Math. 437 
(2007) 159. 

[5] J. Asch, H. Over, R. Seller, Magnetic Bloch analysis and Bochner Laplacians, 
J. Geom. Phys. 13 (1994) 275-288. 

[6] M. J. Gruber, Bloch theory and quantization of magnetic systems, J. Geom. Phys. 
34 (2000) 137-154. 

[7] M. J. Gruber, Noncommutative Bloch theory, J. Math. Phys. 42 (2001) 2438-2465. 

[8] P. Kocabova, P. Stovicek, Generalized Bloch analysis and propagators on Rie- 
mannian manifolds with a discrete symmetry, J. Math. Phys. 49 (2008) art. no. 
033518. 

[9] J. Briining, T. Sunada, On the spectrum of periodic elliptic operators, Nagoya 
Math. J. 126 (1992) 159-171. 

[10] L. S. Schulman, Approximate topologies, J. Math. Phys. 12 (1971) 304-308. 



27 



[11] L. S. Schulman, Techniques and Applications of Path Integration, Wiley, New 
York, 1981. 

[12] M. F. Atiyah, Elliptic operators, discrete groups and von Neumann algebras, 
Asterisque 32-33 (1976) 43-72. 

[13] A. Selberg, Harmonic analysis and discontinuous groups in weakly symmetric 
Riemannian spaces with applications to Dirichlet series, J. Indian Math. Soc. 20 
(1956) 47-87. 

[14] D. A. Hejhal, The Selberg Trace Formula for PSL(2,R), Lecture Notes in Math. 
548, Springer- Verlag, Berlin, 1976. 

[15] J. M. Lee, Introduction to Topological Manifolds, Springer- Verlag, Berlin, 2000. 

[16] A. I. Shtern, Unitary representation of a topological group, in: The 
Online Encyclopaedia of Mathematics, Springer, Berlin, 2001, online: 
http:/ /eom. springer. de/[ 

[17] E. Thoma, Uber unitare Darstellungen abzalbarer, diskreter Gruppen, Math. 
Annalen 153 (1964) 111-138. 

[18] S. Kobayashi, K. Nomizu, Foundations of Differential Geometry I, John Wiley 
& Sons, New York, 1996. 

[19] T. Kato, Perturbation Theory for Linear Operators, Springer- Verlag, Berlin, 
1966. 

[20] J. Weidmann, Linear Operators in Hilbert Spaces, Springer, New York, 1980. 

[21] M. Reed, B. Simon, Methods of Modern Mathematical Physics II, Academic 
Press, New York, 1975. 

[22] L. Hormander, The Analysis of Linear Partial Differential Operators I, Springer, 
Berlin, 2003. 

[23] T. Sunada, A periodic Schrodinger operator in an abelian cover, J. Fac. Sci. Univ. 
Tokyo, Sect. lA, Math. 37 (1990) 575-583. 

[24] V. Turaev, Introduction to Combinatorial Torsions, Birkhauser, Basel, 2000. 

[25] W. Roelcke, Uber den Laplace-Operator auf Riemannschen Mannigfaltigkeiten 
mit diskontinuierlichen Gruppen, Math. Nachr. 21 (1960) 131-149. 

[26] R. S. Strichartz, Analysis of the Laplacian on the complete Riemannian manifold, 
J. Funct. Anal. 52 (1983) 48-79. 

[27] J. Cheeger, S.-T. Yau, A lower bound for the heat kernel. Comm. Pure Appl. 
Math. 34 (1981) 465-480. 



28 



[28] J. Dodziuk, Maximum principle for parabolic inequalities and the heat flow on 
open manifolds, Indiana Univ. Math. J. 32 (1983) 703-716. 

[29] A. Grigor'yan, On stochastically complete manifolds, Soviet Math. Dokl. 34 
(1987) 310-313. 

[30] G. A. Hunt, On positive Green's functions, Proc. N. A. S. 40 (1954) 816-818. 

[31] V. S. Vladimirov, Equations of Mathematical Physics, Marcel Dekker, New York, 
1971. 

[32] S. Lang, SL2(R), Addison Wesley, Reading, 1975. 

[33] J. Zak, Magnetic translation group, Phys. Rev. A 134 (1964) 1602-1606. 

[34] J. Zak, Magnetic translation group. II. Irreducible representations, Phys. Rev. A 
134 (1964) 1607-1611. 

[35] H. Zainuddin, Group-theoretic quantization of a particle on a torus in a constant 
magnetic field, Phys. Rev. D 40 (1989) 636-641. 

[36] M. H. Al-Hashimi, U.-J. Wiese, Discrete accidental symmetry for a particle in a 
constant magnetic field on a torus, Ann. Phys. 324 (2009) 343-360. 

[37] C. Grosche, F. Steiner, Handbook of Feynman Path Integrals, Springer- Verlag, 
Heidelberg, 1998. 

[38] Y. Colin de Verdiere, L'asymptotique de Weyl pour les bouteilles magnetiques, 
Commun. Math. Phys. 105 (1986) 327-335. 

[39] E. Onofri, Landau levels on a torus. Int. J. Theor. Phys. 40 (2001) 537-549. 

[40] M. Sakamoto, S. Tanimura, An extension of Fourier analysis for the n-torus in the 
magnetic field and its application to spectral analysis of the magnetic Laplacian, 
J. Math. Phys. 44 (2003) 5042-5069. 



29 



